Yang-Mills connections valued on the octonionic algebra by Restuccia, A. & Veiro, J. P.
Yang-Mills connections valued on the octonionic
algebra
A Restuccia1,2 and J P Veiro3
1Universidad de Antofagasta, Departamento de F´ısica, Antofagasta, Chile
2Universidad Simo´n Bol´ıvar, Departamento de F´ısica, Apartado 89000, Caracas 1080-A,
Venezuela
3Universidad Simo´n Bol´ıvar, Departamento de Matema´ticas Puras y Aplicadas, Apartado
89000, Caracas 1080-A, Venezuela
E-mail: arestu@usb.ve and jpveiro@usb.ve
Abstract. We consider a formulation of Yang-Mills theory where the gauge field is valued on
an octonionic algebra and the gauge transformation is the group of automorphisms of it. We
show, under mild assumptions, that the only possible gauge formulations are the usual su(2) or
u(1) Yang-Mills theories.
1. Introduction
Yang-Mills theory with appropriate structure group is the basic ingredient in the description of
the fundamental forces in nature. A notorious extension of Yang-Mills theory is Super Yang-
Mills in 3, 4, 6, and 10 spacetime dimensions. It is well known the relation between the
division algebras: the reals R, complex C, quaternion H, the octonions O, and Super Yang-
Mills [1, 2, 3, 4, 5, 6, 7, 8, 9]. In particular octonions are relevant since the algebra sl(2,O)
is isomorphic to the so(9, 1) Lorentz algebra [10, 11, 12, 15, 3, 13, 14], the relativistic symme-
try in string theory. It can also be used to describe representations of the Lorentz group in
D = 11 dimensional space-time where M-theory is formulated. The octonionic algebra was rel-
evant to obtain Yang-Mills instanton solutions in seven and eight dimensions [16, 17]. Recently
the relation between Yang-Mills, division algebras, and triality has been emphasized [9, 18], in
particular an octonionic formulation of the N = 1 Supersymmetry algebra in D = 11 space-time
dimensions has been obtained [19].
In all these interesting formulations the gauge field is always valued on a Lie algebra. We
will consider in this work the construction of Yang-Mills theory where the gauge field is valued
on the algebra of the octonions. In order to do so we have to define the corresponding gauge
transformations and consider its action on the curvature of the connection one-form. The for-
mulation we will consider is based on a proposition introduced by Okubo [20].
The main result of this work is that under mild assumptions: (5), (6), and (7) in Section 2,
the only possible gauge formulation, with the gauge field valued on the octonionic algebra, of a
Yang-Mills theory are the ones on which the connection is valued on an associative subalgebra
of the octonions.
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2. The Yang-Mills formulation on a non-associative algebra
Given a Lie algebra L, let us denote by Λp, for p > 0, the space of all L-valued p-forms and
Λ0 = L. The boundary operator, d : Λp → Λp+1, satisfies the usual properties:
(i) dd = 0,
(ii) d(ωp ∧ ωq) = dωp ∧ ωq + (−1)pωp ∧ dωq where ωp ∈ Λp and ωq ∈ Λq are L-valued p-forms
and q-forms respectively.
Consider ω to be an L-valued one-form which we shall write
ω =
m∑
µ=1
Aµdx
µ,
where the dxµ are anti-commutative one-forms, and the curvature is then given by the L-valued
two-form R = dω + ω ∧ ω which can be expressed in terms of Fµν via
R =
∑
1≤µ<ν≤m
Fµνdx
µ ∧ dxν = 1
2
m∑
µ,ν=1
Fµνdx
µ ∧ dxν .
The gauge transformations are given by
ω −→ U−1ωU + U−1dU (1)
and they are such that the curvature transforms covariantly by
R −→ U−1RU. (2)
Given A ∈ L write gU (A) = U−1AU , they are automorphisms of the Lie algebra. It is clear
that gU ∈ GL(L) and it can also be extended to Λp in a natural way for which it can simply be
considered gU ∈ GL(Λp). If we write ξ = U−1dU then ξ satisfies the Maurer-Cartan relation
dξ + ξ ∧ ξ = 0.
In this manner, Equations (1) and (2) can be expressed as
ω −→ gU (ω) + ξ,
R −→ gU (R).
Consider now the octonion algebra O. In [20] Okubo proposed a generalization of Yang-Mills
theory to non-associative algebras. Okubo’s main idea for constructing a gauge theory based on
a non-associative algebra K is to use the group of automorphisms over K as the group of gauge
transformations. Let ω now be a one-form with coefficients valued over the non-associative
algebra O. To be precise,
ω =
m∑
µ=1
ωµdx
µ
with ωµ ∈ O. Analogously, the curvature two-form valued over the non-associative algebra O is
given by
R = dω + ω ∧ ω.
For some g ∈ GL(O), and some ξ ∈ Λ1(O), consider the gauge transformation
ω −→ ω′ = g(ω) + ξ. (3)
In order that R transforms covariantly as
R −→ g(R) = dω′ + ω′ ∧ ω′ (4)
it is sufficient for g ∈ GL(Λ1) and ξ ∈ Λ1(O) to satisfy the following conditions [20]:
g(ω ∧ ω) = g(ω) ∧ g(ω), (5)
dξ + ξ ∧ ξ = 0, (6)
d(g(ω)) = g(dω)− ξ ∧ g(ω)− g(ω) ∧ ξ. (7)
We notice that these conditions are satisfied for a Lie algebra Yang-Mills theory, however it is
not known if they can be satisfied for an octonionic valued gauged field theory. The condition
shown in Equation (5) is satisfied whenever g is an automorphism over O, that is g ∈ Aut(O)
which is the group G2. In order to deal with Equations (6) and (7) it is convenient to translate
them from the Lie group Aut(O) to the Lie algebra Der(O). Given an infinitesimal parameter
 and a derivation D ∈ Der(O), we can always write
g = exp(D) = id + D +O(2)
where id is the identity transformation and
ξ = dk +O(2)
for some k ∈ O. Since the boundary operator is such that dd = 0, Equation (6) holds
automatically and Equation (7) is equivalent to
d(D(ω)) = D(dω)− dk ∧ ω − ω ∧ dk. (8)
Following Okubo’s assumptions, (5), (6), and (7), it suffices to find pairs (D, k) of elements
in a subalgebra of Der(O) × O that satisfy Equation (8) for all ω ∈ Λ1(O) so that the gauge
transformation (3) induces the covariant transformation (4) as desired. This is the first step
in the construction of the Yang-Mills theory. One should finally provide the action for the
theory. Although (5), (6), and (7) are mild assumptions, the non-associative context imposes
very restrictive conditions on the gauge theory.
3. The derivation algebra
We shall consider a basis for the octonions where the multiplication of the imaginary elements is
represented in the Fano plane shown in Figure 1. The identity element e0 is left outside because
it commutes and associates with any other element. The diagram is read in the following way:
the result of the product of any two elements is the only other element laying on the line that
passes through the first two elements, and the sign is determined by the arrows (for example,
e5e2 = −e4).
Recalling Cartan’s work [21] on the classification of simple Lie groups, G2, the smallest
exceptional Lie group, is the group of automorphisms over the octonions. Hence G2 = Aut(O).
The tangent space to a group of automotphisms is an algebra of derivations. Therefore, the Lie
algebra g2 of the Lie group G2 is Der(O). Given two octonions, a and b, the map
Da,b(x) =
(
[La, Lb] + [La, Rb] + [Ra, Rb]
)
(x)
=
1
2
(
[[a, x], b] + [a, [b, x]] + [[a, b], x]
)
= [[a, b], x]− 3[a, b, x],
e1
e6
e2e4 e5
e3e7
Figure 1. Fano plane representing the multiplication table for the octonions.
where La(x) = ax, Ra(x) = xa, the bracket with two entries is the commutator [a, b] = ab− ba,
and the bracket with three entries is the associator [a, b, x] = (ab)x − a(bx) acting over an
octonion x, is a derivation. They clearly satisfy the Leibniz rule
Da,b(xy) = (Da,b(x))y + x(Da,b(y)),
the Generalized Jacobi Identity
Da,b (Dc,d) = DDa,b(c),d +Dc,Da,b(d) +Dc,d (Da,b) ,
and they are anti-symmetric in the sense that Da,b = −Db,a. For each index p ∈ {1, . . . , 7},
consider the three pairs of indices (i, j), (r, s), and (u, v) such that ep = eiej = eres = euev, then
Dei,ej +Der,es +Deu,ev = 0.
A basis for g2 can be given with 14 of these transformations grouped in seven pairs, each of
them constituted by Dei,ej and Der,es where eiej = eres = ep for a different p in every one.
4. The analysis of the Okubo restrictions
We are interested in solving Equation (8) for the non-associative algebra of the octonions. It
suffices to find pairs of elements (D, k) in a subalgebra of Der(O)×O that satisfy Equation (8)
for all ω ∈ Λ1(O). In what follows we will show that Okubo’s formulation, for the case of the
octonions being the non-associative algebra over which the geometric objects shall be valued,
fails to extend the usual Yang-Mills theory formulated over Lie algebras.
Given two one-forms valued over the octonions, ρ and ω, they may be interpreted as one-forms
with octonionic coefficients
ρ = ρ1dx
1 + · · ·+ ρndxn =
(
7∑
i=0
ρi1ei
)
dx1 + · · ·+
(
7∑
i=0
ρinei
)
dxn
and also as octonions with coefficients that are one-forms
ρ = ρ0e0 + · · ·+ ρ7e7 =
(
n∑
i=1
ρ0i dx
i
)
e0 + · · ·+
(
n∑
i=1
ρ7i dx
i
)
e7
simply by interchanging the summation order in the general expression. The product of one-
forms valued over the octonions is given by
ρ ∧ ω =
∑
1≤i<j≤n
(
ρiωj − ρjωi
)
dxi ∧ dxj
which is a two-form valued over the octonions. Seen as an octonion, its real part is not necessarily
equal to zero. Nonetheless, both ω ∧ ω and ρ ∧ ω + ω ∧ ρ do possess real part equal to zero. To
be precise,
ω ∧ ω =
∑
1≤i<j≤n
[ωi, ωj ] dx
i ∧ dxj = 1
2
n∑
i,j=1
[ωi, ωj ] dx
i ∧ dxj
and
ρ ∧ ω + ω ∧ ρ =
∑
1≤i<j≤n
(
[ρi, ωj ] + [ωi, ρj ]
)
dxi ∧ dxj
=
1
2
n∑
i,j=1
(
[ρi, ωj ] + [ωi, ρj ]
)
dxi ∧ dxj
=
n∑
i,j=1
[ρi, ωj ] dx
i ∧ dxj .
On the other hand, considering G ∈ g2 and using the fact that d2 = 0, we are able to calculate
d
(G(ω))− G(dω) = n∑
i=1
(
d
(G(ωi)) ∧ dxi)− G( n∑
i=1
dωi ∧ dxi
)
=
n∑
i=1
d
 7∑
j=1
ωjiG(ej)
 ∧ dxi −
 7∑
j=1
dωjiG(ej)
 ∧ dxi

=
n∑
i=1
 7∑
j=1
ωji dG(ej)
 ∧ dxi
noticing that G(e0) = 0. Since G is a derivation over the octonions, it can be written as a
linear combination over a basis of g2. The transformation dG consists on applying the exterior
derivative to the coefficients that determine G. For example, if we write G =
7∑
i,j=1
λijDei,ej then
dG = d
 7∑
i,j=1
λijDei,ej
 = 7∑
i,j=1
dλijDei,ej =
7∑
i,j=1
(
n∑
k=1
∂kλijdx
k
)
Dei,ej
=
n∑
k=1
∂kGdxk
where ∂kG =
7∑
i,j=1
∂kλijDei,ej . Therefore,
d
(G(ω))− G(dω) = n∑
i,j=1
(
ω1j∂iG(e1) + · · ·+ ω7j∂iG(e7)
)
dxi ∧ dxj
=
n∑
i,j=1
((
∂iG
)
(ωj)
)
dxi ∧ dxj .
Finally, in order to solve the equation
d
(G(ω))− G(dω) = ρ ∧ ω + ω ∧ ρ
where G ∈ g2 and ρ = −dk is a one-form valued over the octonions, it is necessary that G and
ρ satisfy the following relation, for any ω ∈ Λ1(O),(
∂iG
)
(ωj) = [ρi, ωj ] (9)
for all indices i, j ∈ {1, . . . , n} such that i 6= j. Nonetheless, Equation (9) only possesses
non-trivial solutions, for the case of the octonions, when the expression is considered inside an
associative subalgebra. To understand this situation, notice that ∂iG is still a vector in g2, thus
a derivation and must satisfy the Leibniz rule. Therefore, if a and b are two octonions then
∂iG(ab) =
(
∂iG(a)
)
b+ a
(
∂iG(b)
)
(10)
and on the other hand
[ρi, ab] = [ρi, a]b+ a[ρi, b] + 3[ρi, a, b] (11)
by straightforward calculation. If it were possible that
(
∂iG
)
( · ) = [ρi, · ] then subtracting Equa-
tions (10) and (11) yields [ρi, a, b] = 0. Since the octonion ωi can always be written as a product
of two octonions, Equation (9) does not hold in general.
Then, finding solutions to Equation (9) is equivalent to answer the following question: When
is it true that the transformation induced by the commutator bracket represents a transformation
in g2? The answer to this question is that it happens only when all the octonions into
consideration belong to an associative subspace; that is, when the octonions involved belong
to a subalgebra isomorphic to the quaternions. Artin’s Theorem establishes that any subalgebra
of the octonions generated by only two elements is associative; this statement is formulated in
a more general context of alternative algebras [22, p. 29]. Returning to the question of wheter
the commutator bracket is a derivation, given three octonions, a, b, and c, then
[c, ab] = [c, a]b+ a[c, b] + 3[c, a, b]
showing that [c, ab] is equal to [c, a]b+ a[c, b] if and only if [c, a, b] = 0. That is, the bracket on
the right hand side of (9) is a derivation only for an associative subalgebra of the octonions.
This explains why it is impossible to find non-trivial solutions for Equation (8) when the non-
associative algebra into consideration is the octonions. In this sense, the only formulation
for a Yang-Mills theory on an octonionic algebra, under assumptions (5), (6), and (7), is the
usual Yang-Mills theory for the algebras su(2) and u(1), since both the imaginary part of the
quaternions and their algebra of derivations can be identified with su(2) and it is in that context
where the terms d(D(ω))−D(dω) and −dk ∧ ω − ω ∧ dk are compatible.
5. Conclusions
It was known since the work of Okubo that the conditions (5), (6), and (7) for a non-associative
algebra imply that the curvature two-form transforms in a natural way as an automorphism of
the non-associative algebra in analogy with the Lie algebra case (in this case the three conditions
are satisfied). We consider the construction of a Yang-Mills theory where the connection one-
form is valued on the octonion algebra, in distinction to the construction where the structure
group is a Lie group. We proved that the conditions (5), (6), and (7) are not simultaneously
satisfied for the octonion algebra. However they are satisfied for the associative subalgebras of
the octonions: the quaternions and the complex numbers. They are associated to the su(2) and
u(1) Yang-Mills theories respectively.
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